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$- \text{ }$ (Takao KATO)
( $\mathrm{M}^{\cdot}$ ffi o R ASHI)
1. $\Delta$ : $|z|<1$ unlmitted 2 \Delta . $\pi$ : $\overline{\Delta}arrow$
$\Delta$ , $\{a_{n}\}_{n=1}^{\infty}(a_{n}\in\triangle, |a_{n}|arrow 1)$
. , $\overline{\Delta}$ $H^{\infty}(\overline{\Delta})$ \Delta $\dot{\text{ }},$ $\text{ }$ ,
2 $a,$ $b\in\overline{\Delta}$ , $f\in H^{\infty}(\overline{\Delta})$ $f(a)\neq f(b)$
+ , Blaschke $\text{ }\sum(1-|a|n)<\infty$
([4]). ,
$\sum(1-|a_{n}|)=$ O
. , $ff^{\infty}(\overline{\Delta})$ $\overline{\Delta}$ , $a_{n}$ rn
\Delta n $=\overline{\Delta}(a_{n}, \Gamma_{n})$ ,
$\overline{D}=\pi^{-1}(D)$ , $D= \Delta\backslash \bigcup_{n}^{\infty}1\Delta_{n}=$
, $H^{\infty}(\overline{D})$ D . $([1],[2])$ . , [2]
$\mathrm{A},$
$\mathrm{B}$ .
[ $\mathrm{A}$] $a_{n}=1- \frac{1}{n}$ ,
(1) $\eta_{n}>0,\sum_{n=1}^{\infty}\frac{1}{\eta_{n}}<\infty,$ $r_{n} \leq(\frac{1}{n})^{\eta n}$ $H^{\infty}(\overline{D})$ .
(2) $\Delta_{2n-1}$ $\triangle_{2n}$ , , .
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[ $\mathrm{B}$ ] $a_{nj}=(1-2^{-}n)e2\pi ij2-n(0\leq j<2^{n})$ ,
(1) $\eta_{n}>0,\sum_{=n1}\infty\frac{1}{\eta_{n}}<\infty,$ $r_{n}\leq 2^{-\eta_{n}}$ $H^{\infty}(\overline{D})$ .
(2) \Delta $\Delta_{n+1,2j}$ , , .
$\mathrm{A},$
$\mathrm{B}$ , $r_{n}$ ,
. , (1) (2) ( ) ,
. , ([3]) , (1)
, (2) ( ) best possible .
[ ] $\sigma>0$ , ,
(a) $a_{n}=1- \frac{1}{n},$ $r_{n}=e^{-\sigma n^{\mathrm{p}}}$ . $0<p\leq 1$ $H^{\infty}(\overline{D})$ , $p>1$
. , $\Delta_{n}$ (\mbox{\boldmath $\sigma$} ).
(b) $a_{nj}$
.
$=(1-2^{-}n)e2\pi ij2-n(n\in \mathrm{N}, 0\leq j<2^{n}),$ $r_{nj}=\sigma 2^{-n^{\mathrm{p}}}$ . $p=1.\text{ }$
$H^{\infty}(\tilde{D})$ , $p>1$ , $\Delta_{nj}$
(\mbox{\boldmath $\sigma$} ).
“ ” $\mathrm{A}(1)$ , $\mathrm{B}(1)$ . (a)
“ ” , (b) .
, ,





[ 1] $a_{n}=1- \frac{1}{n}$ ,
$P(z)= \prod P_{n}(\mathcal{Z})\infty$ , $P_{n}(z)= \frac{z-a_{4n-3}}{z-a_{4n-2}}\frac{z-a_{4n}}{z-a_{4n-1}}$
$n=1$
. $\lim\inf_{narrow\infty}- nr2n>0$ , $P(z)$ $D’=( \mathrm{C}\cup\{\infty\})\backslash \bigcup_{n=1}^{\infty}\Delta_{n}$
.
$\lim\inf_{narrow\infty^{n^{2}r}n}>\sigma>0$ \mbox{\boldmath $\sigma$} . $P(z)$ ,
$P_{n}$ , , $D$ +
, , $r_{n}= \frac{\sigma}{n^{2}}\text{ }$ . $|z-a_{k}|=r_{k}(k=4m-2,4m-1)$
$\prod_{n=1}^{\infty}|P_{n}|$ . $x\leq e^{x-1}$ , $\sum_{n=1}^{\infty}|P_{n}-1|$ .
:
$P_{n}(z)-1= \frac{8n-3}{(4n-3)(4n-2)(4n-1)2n}\frac{z-\frac{8n-4}{8n-3}}{(z-\frac{4n-3}{4n-2})(Z-\frac{4n-2}{4n-1})}$









$\sum\infty$ $|P_{n}(_{Z})-1| \leq C_{1}\sum\frac{1}{\ell^{2}}\infty=M_{1}$
$n=m+1$ $\ell=1$
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(a) “ ” $f(z)=P( \mathcal{Z})e-\frac{\sigma’}{1-z}$ . $n=m$
,
$|P_{n}(Z)e^{-} \frac{\sigma’}{1-z}|\leq\frac{M_{2}}{n^{2}r_{4n-1}}e^{-\sigma’()(\sigma’-\sigma)n}4n-3=\frac{M_{2}}{n^{2}}e^{-4}+3\sigma’-\sigma$
. , $\sigma’>\sigma$ , $f(z)$ D , $\sqrt{f(z)}\in H^{\infty}(\tilde{D})$ .
$\sqrt{f(z)},$ $z\circ\pi$ D . I
[ ] $r_{n}=( \frac{1}{n})^{n}=e-]\tau \mathrm{g}\overline{n}n$ , ?
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$|P_{m}^{\rho}(Z)|^{2}-1= \frac{4(1-\rho^{2}m)(1-|\mathcal{Z}|2m)\rho^{m}\Re z^{m}}{|\rho^{m}-z^{m}|2|1+\rho^{mm}z|2}$ . (3.3)
[ 2]
(i) $0<\sigma<1$ , $N_{\sigma}$ $C_{\sigma}$ : $\sigma\leq|z|\leq 1$ ,
$m\geq N_{\sigma}$ , $z$ $m$
$C_{\sigma}<|1-(1+ \frac{z}{m})^{m}|\leq 4$
(\"u) $0<X<n$ , $(1- \frac{x}{n})^{n}$ $x$ , $n$ . ,
$0<c\leq x<n$ , $(1- \frac{x}{n})^{n}\leq e^{-\mathrm{c}}$ .
(i) $(1+ \frac{z}{m})^{m}$ $|z|\leq 1$ $e^{z}l_{}^{}z$ – . (\"u)
1
[ 3] $0<\sigma<1,0<p<1,$ $\Delta_{j}=\{z:|z-a_{j}|\leq\triangle^{\sigma}\}m$ .
$N_{\sigma}$ , :
$|P_{m}^{\rho}(\mathcal{Z})-$ $\leq\frac{2|z|^{m}}{(p^{m}-|\mathcal{Z}|m)(1-|_{\mathcal{Z}1^{m}})}$ $( \frac{1}{2}\leq|z|<\rho)$ (3.4)
$|P_{m}^{\rho}(_{Z})| \leq\frac{8}{C_{\sigma}}\cdot\frac{1}{1-\rho^{m}}$ $(m \geq N_{\sigma}, z\in\Delta\backslash \bigcup_{j}^{m^{-1}}\Delta_{2}j)-.=0$ (3.5)




(3.5): $|z|=1$ $|P_{m}^{\rho}(Z)|=1$ , $\partial\Delta_{j},$ $(0\leq j<m)$ $P_{m}^{\rho}$
. $\omega$ , $j=0$
. $z= \rho(1+\frac{\sigma}{m}e^{i\theta})$ , $2(\mathrm{i})$ , (3.1)
$|P_{m}^{\rho}(Z)| \leq\frac{2}{\rho^{m}|1-(1+\frac{\sigma}{m}e^{i})^{m}\theta|}\cdot\frac{\rho^{m}|1+(1+\frac{\sigma}{m}e^{i})^{m}\theta|}{1-\rho^{m}}\leq\frac{2\cdot 4}{c_{\sigma}}$ . $\frac{1}{1-\rho^{m}}$
(3.6): (3.3)




(b) “ ” $\rho_{n}=1-2^{-n}$ . \mbox{\boldmath $\sigma$} ,
$\Delta_{nj}=\{z : |z-a|nj\leq r\}nj$ , $r_{n\mathrm{j}}=r_{n}= \frac{\sigma}{2^{n}}$ , $a_{nj}=p_{n}\omega_{2^{-n}}j$
$(n=1,2,3, \ldots;0\leq j<2^{n})$ .
$P(z)= \prod_{=n1}P_{n}(\mathcal{Z}\infty)$ , $P_{n}(z)=P_{2^{n}}^{\rho}n$
$\Delta$ , $D= \Delta\backslash \bigcup_{n,j}\Delta_{nj}$ .
, (b) D $=\pi^{-1}(D)$ $\sqrt{P(z)}$ $z\circ\pi$
.
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– . $>$ $-$ . – $2e$
$\sum_{n=k+2}|1-P(nZ)|\leq\sum_{n=k+2}\frac{L\mathrm{C}}{(1-\frac{1}{7})(\frac{1}{4}-\frac{1}{7})}$
$\leq(\frac{3}{7})^{3}\sum_{\ell=2}e-2\ell_{=}M_{1}\infty$ (k ).
, $P= \prod P_{n}$ $\Delta$ .
$z \in\bigcup_{j=1}^{2^{n}}\Delta\backslash \Delta_{nj}$ $2^{n}\geq N_{\sigma}$ : (3.5) , $2(\ddot{\mathrm{u}})$
$|P_{n}(Z)| \leq\frac{8}{C_{\sigma}}$ . $\frac{1}{1-p_{n}^{2^{\mathfrak{n}}}}\leq\frac{8}{C_{\sigma}}\cdot\frac{1}{1-e^{-1}}=M_{2}$






$1- \rho_{n}^{2\cdot 2^{n}}=1-(1-\frac{1}{2^{k}})^{2^{n}}+1\leq 1-(1-\frac{2^{n+1}}{2^{k}})=2n-k+1$ ,
,




$x\leq e^{x-1}$ , 3 , $z\in\cup^{2^{k}}\partial 1\Delta j=kj(2^{k-1}\geq N_{\sigma})$
\rho k-l $<|z|<\rho_{k+}1$ ,
$| \prod_{n=1}^{\infty}$ $P_{n}(z)|= \prod_{n=1}^{-}|P_{n}(Z)|\cdot|P_{k}-1(z)|\cdot|Pk(_{\mathcal{Z}})|\cdot|Pk+1(k2Z)|$ . $\prod\infty$ $|P_{n}(\mathcal{Z})|\leq e^{M.3M_{1}}3M_{2}\cdot e$ .
$n=k+2$
1
$\mathrm{s}\backslash \backslash [\text{ }]$
$r_{nj}=2^{-\sigma n}(\sigma>0)$ , ?
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